AUSLANDER-REITEN CONJECTURE AND AUSLANDER-REITEN 

DUALITY 



OLGUR CELIKBAS AND RYO TAKAHASHI 

Abstract. Motivated by a result of Araya, we extend the Auslander-Reiten duality 
theorem to Cohcn-Macaulay local rings. We also study the Auslander-Reiten conjecture, 
which is rooted in Nakayama's work on finite dimensional algebras. One of our results 
detects a certain condition that forces the conjecture to hold over local rings of positive 
depth. 



1. Introduction 

The Auslander-Reiten conjecture [6] claims that, over an Artin algebra R, if M is a 
finitely generated i?-module such that Ext^°(M, M ® R) = 0, then M is projective. This 
long-standing conjecture can be stated over any Noetherian ring R and is known to be 
true over several classes of algebras. For example, Auslander and Reiten [B] proved the 
conjecture for algebras of finite representation type. Hoshino [19] determined another 
noteworthy class; it holds for symmetric Artin algebras with radical cube zero. The 
Auslander-Reiten conjecture is closely related to other important conjectures such as 
the Tachikawa conjecture [22] and the finitistic dimension conjecture [IB]. Indeed it is 
rooted in a conjecture of Nakayama [26] and the one known as the generalized Nakayama 
conjecture [6]: If i? is an Artin algebra, then every indecomposable injective i?-module 
occurs as a direct summand of one of the terms of the minimal injective resolution of R. 
We refer the reader to [3 [101 [131 dSl dZl ISIl 1321 133] for more information on the relation 
of these homological conjectures. 

Christensen and Holm [13] proved that the Auslander-Reiten conjecture holds over rings 
satisfying the Auslander condition. More precisely, they proved that the implication 

(AC) =^ (ARC) 

holds for a (left) Noetherian ring. Here, (AC) and (ARC) denote the Auslander condition 
and the Auslander-Reiten condition, which are conditions defined for a fixed Noetherian 
ring R, as follows. 

(AC) For every finitely generated -R-module M there exists a nonnegative 
integer 6m such that for every finitely generated -R-module N one has: 
if Ext^°(M, N) = 0, then Ext^^'*^(M, N) = 0. 
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(ARC) For every finitely generated /^-module M, if Ext^°(M, M ® R) = 0, 
then M is projective. 

Although there exist rings that do not satisfy (AC) [23], this result gave new insight on 
the Auslander-Reiten conjecture and other related homological conjectures. 

Commutative Noetherian local rings known to satisfy (ARC) include Gorenstein local 
rings of codimension at most four [28]. Recently Araya [1] proved that if all Gorenstein 
local rings of dimension at most one satisfy (ARC) so do all Gorenstein local rings. The 
main tool he used for the proof of his result is a duality theorem for Gorenstein local 
rings, which is known as the Auslander-Reiten duality theorem (cf. [H [9l [33]). On the 
other hand, as a natural generalization of (AC), the following generalized Auslander-Reiten 
condition has also been investigated by several authors [16l [31], [32] . 

(GARC) For every finitely generated i?-module M, if there exists a nonnegative 
integer n such that Ext^"'(M, M (BR) = 0, then M has projective 
dimension at most n. 

In this paper, we consider refining the Auslander-Reiten duality theorem and the 
Christensen-Holm theorem stated above. 

First, we shall prove the following theorem, which extends the Auslander-Reiten duality 
theorem to arbitrary Cohen-Macaulay local rings and deduces Araya's main observation 
from a more general context. 

Theorem 1.1. Let {R,xn, k) be a d- dimensional Cohen-Macaulay local ring with a canon- 
ical module u. Let X he a totally reflexive R-module, and let M he a maximal Cohen- 
Macaulay R-module that is locally free on the punctured spectrum of R. Then, for all 
integers i one has an isomorphism 

E^^(X, M) = ]Srtg"^^"'(X*, M^y, 

where (-)* = EomR{~,R), (-)t = Hom/j(-,w), (-)^ = Homij(-, E/j(A;)) and 
denotes Tate cohomology. 

Next, we define the following conditions over a commutative Noetherian local ring R. 

(SAC) For every finitely generated i?- module M, if Ext^° (M,i?) = and 
Extf °(M, M) = 0, then Ext^°(M, M) = 0. 
(SACC) For every finitely generated -R-module M that has constant rank, if 
Ext^°(M, R) = and Extt°(M, M) = 0, then Ext^°(M, M) = 0. 

We shall prove the following, which supplements the implication shown by Christensen 
and Holm with the conditions introduced above. 

Theorem 1.2. For each commutative Noetherian local ring R, the implications 

(AC) =^ (SAC) =^ (SACC) =^ (ARC) 

{*) 

(GARC) 

hold, where R is assumed to have positive depth for (*). 
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Here, the assumption in (*) that R has positive depth is reasonable, because R satisfies 
(SACC) trivially if depth i? = 0. 

We also give an application of Araya's result and pose a question concerning the 
Auslander-Reiten conjecture for modules having bounded Betti numbers. We finish the 
article by discussing in Section 5 the relation of the Auslander-Reiten conjecture with a 
question of Huneke and Wiegand on the tensor products of modules. 

2. Basic definitions 

This section is devoted to giving basic definitions and their basic properties which will 
often be used later. 

2.1. Throughout this paper, R denotes a left Noetherian ring, and modules considered 
over R are finitely generated left modules. Unless otherwise specified, R is assumed to be 
a commutative local ring with unique maximal ideal m and residue field k = R/ra. 

2.2. For a given i?- module M, we set 

M* = HomR(M,i?), = Hom^(M, E^(A;)), = Hom^(M,a;R), 

where Ek(/c) is the injective hull of k, and ur is a canonical module (in the case where 
-R is a Cohen-Macaulay ring that is a homomorphic image of a Gorenstein local ring). 
Clearly, M"^ = M* when R is Gorenstein. 

2.3. We denote by Ur the punctured spectrum of R, i.e., Ur = Speci?\ {m}. We say that 
M is locally free on Ur provided that Mp is a free i?p-module for all p G Ur. The ring R 
is called an isolated singularity if Rp is a regular local ring for all p G Ur. 

St 

2.4. We use the notation = to denote a stable isomorphism, that is, for two -R-modules 
M, N we write M^iV if M©F = A^©G for some free i?-modules F, G. 

2.5. Let M be an i?-module. For an integer z > 0, we denote by f2*M the z-th syzygy 
of M, namely, the image of the i-th differential map in a minimal free resolution of 
M. As a convention, we set Q^M = M. For an i?-module M, we denote by TrM the 
(Auslander) transpose of M, which is defined as the cokernel of the i?-dual map 51 of the 
first differential map 5i in a minimal free resolution of M. Here are some remarks: 

(1) The modules f2*M and TrM are uniquely determined up to isomorphism, since so is 
a minimal free resolution of M. 

St 

(2) There is a stable isomorphism fi^TrM = M* . 

2.6. An i?-module X is called totally reflexive if the natural homomorphism X — > X** 
is an isomorphism and Ext^(X, i?) = Ext^(X*,i?) = for all i > 0. Here are several 
properties of totally reflexive modules which we will use. For the details, we refer to [2] 
and [T5] . 

(1) A totally reflexive module over a Cohen-Macaulay local ring is maximal Cohen- 
Macaulay. Over a Gorenstein local ring, the totally reflexive modules are precisely 
the maximal Cohen-Macaulay modules. 
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(2) For a totally reflexive i?- module X and an integer z > 0, we define the z-th cosyzygy 
of X, denoted by Q~^X, to be the image of the i?-dual map 6* of the i-th differential 

St 

map in a minimal free resolution of X*. We have Q^Q^X = Q^~^^X for all integers 

(3) If X is a totally reflexive i?- module, then so are X*, TrX and Q^X for all integers i. 

2.7. For i?-modules M,N, we denote by Hom j^fM, N) the residue i?-module of 
Homij(M, N) by the i?-sub module consisting of the homomorphisms from M to X that 
factor through free modules. Here are some remarks: 

(1) We have Homf^fM, N) = Torf(TrM,X); see [31 (3.9)]. 

(2) If M or X is locally free on Ur, then the -R-module Hom^(M, N) has finite length. 

2.8. Let M be an i?-module, and let X be a totally reflexive -R-module. We denote by 
Ext^(X, M) the i-th Tate cohomology module, which is defined as 

M) = Hom^(fi*X, M). 

We will use the following properties of Tate cohomology. We can find details of Tate 
cohomology, for instance, in [30, §7] (the paper [30] assumes that the base local ring is 
Henselian, but this assumption is unnecessary in [301 §7]). 

(1) One has Ext*^(X, M) = Ext*^(X, M) for all positive integers i. 

(2) One has Ext'^((]^X, M) = Ext^^'(X,M) for all integers 

(3) If M is also totally reflexive, then Ext^(X, fiW) = Ext*^^'(X, M) for all integers 

3. A GENERALIZATION OF AuSLANDER-REITEN DUALITY 

Araya [H Theorem 8] made use of the Auslander-Reiten duality theorem over Gorenstein 
local rings [31] and proved the following theorem: 

Theorem 3.1 (Araya). Let R be a d- dimensional Gorenstein local ring and let M be a 
maximal Cohen- Macaulay R-module that is locally free on Ur. //Ext^~"'^(M, M) = 0, then 
M is free. 

It is a consequence of a result of Araya [1] that if all one dimensional Gorenstein rings 
satisfy the Auslander-Reiten conjecture discussed in the introduction, so do all Gorenstein 
local rings. Our aim in this section is to deduce Theorem 13 . 1 1 from a more general result. 
Theorem 13.41 that holds over arbitrary Cohen-Maculay local rings. Such a generalization 
could be useful for researchers who wish to further study the Auslander-Reiten conjecture. 
It also seems interesting in itself, as it concerns the vanishing of cohomology over Cohen- 
Macaulay local rings. We start with a few preliminary results: 

Lemma 3.2. (1) Let R be a Cohen- Macaulay local ring with a canonical module u 
and let M and N be maximal Cohen- Macaulay R-modules. Then Ext^(M, N^) = 
Ext*^(X,Mt) for allieZ. 

(2) Let R be a local ring and let X and Y be totally reflexive R-modules. Then 
Ext*^(X*, Y*) = Ext*^(F, X) for allieZ. 
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Proof. (1) The following isomorphisms hold in the derived category of R: 

RHom/j(M, N^) ^ RHomfi(M, RHomR(iV, u)) = RHom^(M A^, u) 

^ RHom^(Ar,RHomR(M,w)) = RHom^(iV, M^). 

Here, the second and third isomorphisms follow from [T5l (A. 4. 21)]. One deduces the 
required isomorphism by taking the z-th cohomology. 

(2) The conclusion follows from the following isomorphisms: 

RHom^(X*, Y*) ^ RHomR(X*, RHom^(y, R)) ^ RHom^(X* ®^ F, R) 
^ RHom^j(F,RHom^(X*,i?)) = RHom^(F,X). 

□ 

Lemma 3.3. Let R be a local ring and let X be a totally reflexive R-module. Then 
VL~\X*) i [VL'Xy for all i e Z. 

Proof. Let i > 0. Taking a minimal free resolution (■ ■ ■ — > -Fi — > Fq -> 0) of X, we have 
an exact sequence — )■ fl'^X — > -t- ■ ■ ■ — > Fq — > X — > 0. Since X is totally reflexive, 
the i?-dual sequence 

^ X* ^ Fg* -> — yF*_-^^ {n'xy o 

is also exact. Hence X* ^ fi*((fi^X)*). Applying n^' to this, we get n~'{X*) ^ (n'X)*. 
Now let i < 0. Set j = —i and Y = X*. Then, since j > and Y is totally 

reflexive, we have Q'^iY*) i (Q^Y)*. Hence Q'X i (Q-'^X*))*. Applying (-)*, we get 

{n'xy i n-'{x*). □ 

We are now ready to prove the main result of this section: 

Theorem 3.4. Let R be a d- dimensional Cohen- Macaulay local ring with a canonical 
module u. Let X be a totally reflexive R-module. Let M be a maximal Cohen- Macaulay 
R-module that is locally free on f//j. Then, for all z G Z, 

E^^(X, M) ^ E^g^^^"^(X*, M^y. 
Proof. We have the following isomorphisms: 

E^^(X, M) = Eom^in'X, M) = H° (Hom^(fi^X, M)) 

= Ext^(Hom^(fi*X, M),uy ^ Ext^(M, {n'^Ti^'Xyy 
^ Ext}j(fi'^Trfi^X, M^y ^ F^t]i{n'^TTn'X, M^y 
= E^'^j^\Q^TTQ'X,M^y = &j^\{Q'xy,M^y 

^ E^t^;}-^^-\n\{n'xy),M^y = E^t^^-'^-\x\M^y. 

Here, since M is locally free on Ur, the -R-module Hom^(f2*X, M) has finite length, which 
shows the second equality. The first and second isomorphisms are obtained by [H (3.5.9)] 
and [311 (3-10)], respectively. Lemmas 13.2( 1) and l3.3| give the third and last isomorphisms, 
respectively. The other isomorphisms follow from 12.5^ 2) and 12. 8[ □ 
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The following result is the original Auslander-Reiten duality theorem, which now follows 
from Theorem 13.41 

Corollary 3.5 (Auslander-Reiten duality). Let R be a d- dimensional Gorenstein local 
ring and let X and M he maximal Cohen- Macaulay R-modules such that M is locally free 
on Ur. Then lSt^(X, M) = E^t^^~^^~\M, for all i E Z. 

Proof. In general, let i? be a local ring and X, Y totally reflexive /^-modules. For an 
integer i there are isomorphisms 

^ Ext]i{n'-\x*),Y*) ^ Ext^((n^-^x)*,r*) 

-Ext^(y,l]i-^X) = E^^(F,X), 

where the second and third isomorphisms follow from Lemmas l3.3l andl 3.2( 2). respectively. 
Now the corollary follows from Theorem 13.41 □ 

4. On a conjecture of Auslander and Reiten 

In this section we are concerned with the Auslander-Reiten conjecture (cf. the introduc- 
tion, [5] or [6]) for commutative local rings. Our purpose is to prove that an affirmative 
answer to a question of Christensen and Holm [13] will show that all local rings that have 
positive depth satisfy the Auslander-Reiten conjecture, cf. Corollary 14.61 

Before proving the main result of this section stated as Theorem l4.5[ we will first discuss 
an application of Theorem 13. Ij a weaker version of the Auslander-Reiten conjecture holds 
for certain periodic modules over even dimensional Gorenstein isolated singularities. 

Proposition 4.1. Let R be a d-dimensional Gorenstein local ring, and let M he a maximal 
Gohen- Macaulay R-module that is locally free on Ur. Assume that d is a positive even 

St 

integer and that M = f2^"M for some positive integer n. If Ext^(M, M) = for all 
z = 1, 3, 5, . . . , 2n — 1, then M is free. 

Proof. First, note by assumption that Ext^(M, M) = for all odd integers i. We set 
N = 0o<,<„„i ^"^'M. Then S n^N, and we have 

Ext],(Ar, AT) - eo<,^^.<„_,Ext^(n2w,fi2.M) = ®,^^^^^^_,Ext],{n'^+'^M,n'm) 

= eo<.,<n-iE^ir'^^'""''(M,M) = eo<,,<„_iExt?,(^+'^-^-^^)-^(M,M) = 0. 

Here, the fourth isomorphism follows from the fact that 1 + 2i + 2n — 2j = 2{i + n — 
j + 1) - 1 > 0. Since d is positive and even, we have Ext^"^(A^, A^) = Ext^~^(A^, A^) = 
Ext]i{n'^-^N, N) = Ext^(A^, A^) = 0. Theorem O implies that A^, and hence M, is 
free. □ 

St 

It follows by definition that a module M with M = Q"'M for some n > has bounded 
Betti sequence. Therefore Theorem 13.11 and Proposition 14.11 raise the following question: 

Question 4.2. Let R be a d-dimensional Gorenstein local ring (that is not a complete 
intersection) with d > 3. Let M be a maximal Gohen-Macaulay R-module that is locally 
free on Ur. Assume that M has bounded Betti sequence. //Ext^(M, M) = for all 
i = l,2,...,d-2, then is M free? 
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There is a negative answer to Question 14.21 in case the ring considered is a complete 
intersection: 

Example 4.3. Let R = k[[X, Y, Z, U]]/{XZ - YU) and I = (X, Y)R. Then i? is a three 
dimensional hypersurface with an isolated singularity, and J is a maximal Cohen- Macaulay 
i?- module. One can easily see that Ext^(/, /) = but / is not free. 

The Auslander-Reiten conjecture (for commutative local rings) asserts that all com- 
mutative local rings satisfy the Auslander-Reiten condition (ARC), which is defined as 
follows: 

(ARC) For every i?-module M, if Ext^°(M, M ® R) = 0, then M is free. 

Some of the well-known examples of local rings that satisfy (ARC) are complete intersec- 
tion rings [5] , Golod rings [21] and Gorenstein rings of codimension at most four [28] . As 
discussed in the previous section, a recent result of Araya [1] shows that if all Gorenstein 
local rings of dimension at most one satisfy the Auslander-Reiten conjecture, so do all 
Gorenstein local rings. As complete intersections satisfy (ARC), Araya's result in partic- 
ular reproves a result of Huneke and Leuschke [21]: Gorenstein rings that are complete 
intersections in codimension one satisfy (ARC). Indeed, over local domains, this result is 
motivated by a question of Huneke and Wiegand [23] which we will discuss briefly at the 
end of this article (cf. also [H]). We refer the interested reader to [13] for a survey of the 
Auslander-Reiten and related conjectures. 

A local ring R is said to satisfy the Auslander condition (AC) on the vanishing of 
cohomology if the following condition holds: 

(AC) For every i?-module M there exists a nonnegative integer 6jv/ such 
that for every i?-module N one has: if Ext^°(M, X) = 0, then 
Ext^''" (M,iV) = 0. 

Christensen and Holm proved in [13] that (AC) implies (ARC). More precisely, the fol- 
lowing result follows from [T3l (2.3)]: 

Theorem 4.4 (Christensen-Holm). Let R he a local ring that satisfies {/^C), and let M 
be an R-module. IfExt^°{M, R) = and Extf °(M, M) = 0, then M is free. 

As the vanishing conditions imposed on the module M considered in Theorem 14.41 
appear to be weaker than those in the Auslander-Reiten Conjecture, Christensen and 
Holm asked in [131 2.4] whether the following two conditions are equivalent. 

(1) Ext^°(M, R) = and Ext^°(M, M) = 0. 

(2) Ext^°(M, R) = and Extt°(M, M) = 0. 

An example of Schulz [27] yields a self-injective noncommutative Artin algebra over which 
the conditions (1) and (2) are not equivalent. As stated in [13], for commutative rings, it 
is not known whether (2) implies (1), in fact not even for Gorenstein rings. Notice that 
Theorem 14.41 shows that if the ring satisfies (AC), then (1) and (2) are equivalent (cf. also 
[T6]). This motivates us to consider the following two conditions. 

(SAC) For every i?-module M, if Ext%\M,R) = and Extf °(M,M) = 0, 
then Ext^° (M,M) = 0. 
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(SACC) For every i?-module M that has constant rank, if Ext^ (M, i?) = 
and Extf °(M, M) = 0, then Ext^°(M, M) = 0. 

Here (SAC) and (SACC) stand for the symmetric Auslander condition and the symmetric 
Auslander condition for modules with constant rank. Recall that an i?-module M is said 
to be of constant rank if there exists an integer r such that Mp = R^^ for all associated 
prime ideals p of R. 

Now we investigate the conditions (ARC), (SAC), (SACC) under modding out by a nonze- 
ro divisor. 

Theorem 4.5. Let R be a local ring and let x & R be a nonzerodivisor on R. 

(1) IfR/xR satisfies (SAC)/(ARC), then R satisfies (SAC)/(ARC). 

(2) If R satisfies (SACC), then R/xR satisfies (ARC). 

Proof We set S = R/xR. 

(1) Let M be an /2-module with Ext^°(M, R) = 0. Then we have Ext^°(fi^M, R) = 0, 
and ExVj^iflRM, QrM) ^ Ext^^(M, QrM) ^ Ext*^(M, M) for i > 0. Therefore, to prove 
that R satisfies (SAC) /(ARC), we may replace M with QrM and hence assume that x is 
a nonzerodivisor on both R and M. (Note that, if Ext^(M, M) = 0, then UrM is free if 
and only if M is free Lemma l(iii), page 154].) 

We consider the short exact sequence ^ M A M ^ M/xM 0. Let n > 0. 
Nakayama's lemma implies that Ext^''(M, M) = if and only if Ext^''(M, M/xM) = 0. 
Since Ext^(M, M/xM) = Ext^si^/xM, M/xM) for z > by [251 Lemma 2(ii), page 140], 
we deduce that Ext^"(M,M) = if and only if Ext^"(M/a;M, M/xM) = 0. Similarly, 
Ext|° (M/a;M, 5) = since Ext^°(M,i?) = 0. Therefore, if S satisfies (SAC), then so 
does R. Furthermore, if Ext^''(M, M) = and S satisfies (ARC), then M/xM is free over 
S and hence M is free over R. Thus, R satisfies (ARC). 

(2) Let M be an ^-module such that Ext^°(M,M © S) = 0. We would like to prove 
that M is a free S'-module. Using the snake lemma, we see that the multiplication by 
X on the natural exact sequence ^ QrM ^ M ^ yields an exact sequence 
— )■ Af — )■ QrM/x{QrM) -> S^"-^ — M — )■ 0. Hence we have a short exact sequence 

^ M ^ VLrM/x{VLrM) QsM 0. 

This, being an element of Exts{QsM,M) = Ext|(M, M) = 0, splits and hence yields 
QrM/x{QrM) = M © QsM. For all positive integers i, we have: 

Ext*5(M, nsM) ^ Ext*5(M, M © ^sM) ^ Extl;(M, fi/jM/x(fiijM)) 
^ Ext^^(M, ^rM) ^ Ex^Ri^RM, VLrM), 

where the third isomorphism holds by [251 Lemma 2, page 140]. Since Ext^(M, M) = 
Exif ^{M^VtsM) for all z > 0, we have that Exi^ {VLrM^VLrM) = 0. Note that QrM 
is of constant rank and Ext'^^{ilRM, R) = 0. Therefore, since R satisfies (SACC), 
Ext^° (VlRM^nRM) = 0. Now Extl{M,nsM) = Ext^(l]RM, f^/jM) = and hence M is 
free over S. □ 



As a corollary of Theorem 14.51 we have: 
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Corollary 4.6. Let R be a local ring that has positive depth. If R satisfies (SACC), then 
R satisfies (ARC). 

Remark 4.7. Assume (-R, m) is a local ring with depth i? = 0. Then R satisfies (SACC) 
trivially; m is an associated prime of R and hence any module that has constant rank is 
free. Therefore, when depth i? = 0, whether (SACC) implies (ARC) or not, is equivalent 
to the Auslander-Reiten conjecture recorded above. 

We do not know whether (SAC) and (SACC) are equivalent conditions or not, but (AC) 
and (SACC) are not, that is, (SACC) is a weaker condition than (AC). We explain this as 
follows. (Recall that it follows from Theorem 14.41 that (AC) implies (SAC).) 

Huneke, §ega and Vraciu [221 (4-1) (1)] proved that local rings (-R, m) with = 
satisfy (SAC). More precisely, they proved that if R is such a local ring and M is an 
i?-module with Ext^(M, M © i?) = for i = n + l,n + 2,n + 3,n + 4 for some positive 
integer n, then M is free. On the other hand, Jorgensen and §ega (3.3) (2)] gave an 
example of a commutative local ring {S, n) with = that does not satisfy (AC). Setting 
R = S[[X]], we see from [TJl (2.3)] that R does not satisfy (AC). Moreover, by Theorem 
14.5( 1). R satisfies (SAC) since 5" = R/{X) satisfies (SAC). These observations show that 
there exist local rings (of arbitrary depth) that satisfy (SAC) (and hence (SACC)) but fail 
to satisfy (AC). 

Recently Diveris [16] defined the following condition for left Noetherian rings R, where 
ext.deg(M) = snp{n \ Ext^(M,M) ^ 0}: 

(FED) The supremum of ext.deg(M) is finite, where M runs through the 
i?-modules with ext.deg(M) < oo. 

He proved that, when R satisfies (FED), the conditions (1) and (2) recorded in the dis- 
cussion just after Theorem 14.41 are equivalent, that is, (FED) implies (SAC). Moreover, he 
proved that if R satisfies (FED), then it satisfies the following generalized Auslander-Reiten 
condition, which was also studied in [3T| [32]: 

(GARC) For each i?- module M, if there exists a nonnegative integer n such 
that Ext^" (M, M ®R) = 0, then pd^ M < n. 

We should note that there exists a self-injective noncommutative Artin algebra that fails 
to satisfy this condition (GARC) (cf. [27]). We do not know whether all commutative 
rings satisfy (GARC) or not. 

It is interesting that (SAC) and (GARC) are indeed equivalent statements. Before 
recording our observation, we introduce a modified version of (GARC): 

(GARC) For each /^-module M, if Extf °(M, M ® R) = 0, then pd^M < oo. 

Theorem 4.8. Let R be a local ring. The following are equivalent. 

(1) R satisfies (GARC). 

(2) R satisfies (GARC). 

(3) R satisfies (SAC). 

Proof It is trivial that (GARC) implies (GARC). Let M be an i?-module with pd^M = 
n < oo. Then Ext^(M, i?) 7^ by [25l Lemma l(iii), page 154]. This observation yields 
that (GARC) implies (GARC). 
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Assume that R satisfies (GARC) and that Ext^°(M,i?) = Ext|°(M,M) = 0. Then 
there is a nonnegative integer n with Ext^"'(M, i?) = Ext^"(M, M) = 0. The condition 
(GARC) imphes pd^ M <n. Since Ext^°(M, R) = 0, we have n = by [23 Lemma l(iii), 
page 154]. Hence M is free, and we have Ext^''(M, M) = 0. It follows that R satisfies 
(SAC). 

Next assume that R satisfies (SAC) and that Ext^"(M, M © i?) = for some n > 0. 
Setting = f2"M, we have Ext^°(iV, R) = 0. There are isomorphisms 

Ext*R(A^, A^) = Ext^^(A^, fi"-iM) ^ ■ ■ ■ ^ Ext*^-'^(A^, M) = Ext*^(M, M) = 

for all i > n. Hence Ext^"(A^, N ® R) = 0. Now put X = A^ © QN. Then for z > n we 
have: 

Ext*^^(X, X) = Ext^^^(X, N) © Ext*^+^(X, QN) © Ext^2(X, N) © ExV^^N, QN) 
^ Ext^^^(X, N) © Ext*^(X, N) © ExV^\N, N) © Ext^+^(X, N) = 0. 

Since R satisfies (SAC), we have that Ext^°(X,X) = 0, which implies Ext]^{N,nN) = 0. 
This shows that N is free, and hence pd^M < n. Thus R satisfies (GARC). □ 

Corollary 14. 6[ Theorem 14.81 and the results discussed above particularly yield the 
following diagram for commutative local Noetherian rings, where for the implication 
(SACC) =^ (ARC) we assume that the local rings considered have positive depth. 

(GARC) 
(GARC) 

(FED) =^ (SAC) =^ (SACC) =^ (ARC) 
(AC) 

We refer the reader to [16] for details on the relation of the conditions (FED) and (AC). 
It seems worthwhile to pose a question that follows from our previous discussions: 

Question 4.9. Let R be a local ring that has positive depth. Assume that R satisfies 
(SACC) . Then does R satisfy (SAC) ? 

In view of Theorem 14. 5[ Question 14.91 is equivalent to the following: if a: is a nonzero- 
divisor on a local ring R satisfying (SACC), then does R/xR satisfy (SAC)? 

5. Further remarks on the Auslander-Reiten conjecture 

Huneke and Leuschke [H] 1.3] studied the Auslander-Reiten conjecture and proved the 
following result: 

Theorem 5.1 (Huneke-Leuschke) . Let R be a d- dimensional complete local Cohen- 
Macaulay ring which is locally a complete intersection in codimension one. Assume that 
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M is a maximal Cohen- Macaulay R-module of constant rank such that Ext^(M, M) = 
Ext^(M*, R) = Ext^(M, _R) = for all 1 < i < d. In the case d = 1 assume further that 
Ext^(M, M) = /ioWs0. If R is Gorenstein or if R contains Q, then M is free. 

Theorem 15.11 provides an important class of Cohen-Macaulay local rings over which 
the Auslander-Reiten conjecture holds. Therefore we would like to examine whether the 
hypothesis that "i? is either Gorenstein or contains Q" is necessary in Theorem 15.11 We 
do not know whether it is possible or not to remove that assumption, however, following 
the arguments of the proof of Theorem 15.11 we deduce that understanding the modules 
M such that M* ^ may shed light on the Auslander-Reiten conjecture over Cohen- 
Macaulay local rings that are not necessarily Gorenstein (notice, when R is Gorenstein, 
M* = Hom(M, R) = Hom(M, u) = M^). Indeed we have the following concrete statement 
which shows that the main conclusion of Theorem 15.11 holds under weaker hypotheses for 
modules M with M* = Ml 

Proposition 5.2. Let R be a Cohen-Macaulay local ring of dimension d > 2 with a 
canonical module u. Let M be an R-module such that: 

(1) M is reflexive, 

(2) M is locally free on Ur, 

(3) Ext'^(M*, R) = = Ext^M, R) for all i = 1, . . . ,d, 

(4) Ext^(M, M) = Ext^-^(M, M) = 0. 

Then depth(M®/{M* ®r > 2 holds, that is, M ®rM* ^ruj is reflexive. In particular, 
if M* = M\ then M is free. 

For the convenience of the reader we record the results which we make use of to prove 
Proposition 15. 2[ 

Theorem 5.3. [211 1.4] Let R be a d- dimensional Cohen-Macaulay local ring with a 
canonical module u, and let T be a maximal Cohen-Macaulay R-module. //Ext^(T, R) = 
for all i = 1, . . . ,d, then u CB)/? T = {T*y is maximal Cohen-Macaulay. 

Theorem 5.4. [121 3.2] Let R be a d-dimensional Cohen-Macaulay local ring with a 
canonical module uj, and let M, N be R-modules. Assume that M is locally free on Ur 
and that N is maximal Cohen-Macaulay. Let n be an integer such that 1 <n < depth M . 
Thendepth.{M<S)RN) > n if and only ifExti^{M,N'<) = for alii = d-n + l, ...,d-l,d. 

Theorem 5.5. [Auslander [3], see also [121 3.4]) Let R be a Cohen-Macaulay local ring, 
and let M be a torsionfree R-module. Assume that Mp is free over Rp for each p G Spec R 
with height p < 1. If M ^r M* is reflexive, then M is free. 

Now we are ready to prove Proposition 15. 2t we thank Graham Leuschke for several 
discussions on the proof of the proposition. 

Proof of Proposition [5!^ Set = M* ^r u. It follows from (3) that M* is a dth syzgy, 
hence maximal Cohen-Macaulay. Therefore, setting T = M*, we have, by Theorem 15.31 
that A^ = {M**y is maximal Cohen-Macaulay. Thus, by (1), A^ = so that A^^ = M^t. 

^This is a missing condition in their original statement. The authors communicated with Huneke and 
Leuschke for this typo. 
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Furthermore, using (1) and (3), we deduce by a similar argument that M is maximal 
Cohen-Maculay. Therefore M^t ^ M and this yields that iV^ = M. Hence, by (4) we 
have Ext^(M,iVt) = Ext^"^(M, A^t) = q. Theorem EH shows depth(M ®^ A^) > 2. This 
and (2) imply that M ®rN = M ®ii M* (S)r oj is reflexive; see for example P 1.4.1(b)]. 

Now assume M* ^ M^. Then = M'^ = M* so that M ®b.N = M ®rM*. Applying 
Theorem 15.51 we conclude that M is free. □ 

The foregoing discussion shows that the next question is worth recording: 

Question 5.6. Let R he a Cohen- Macaulay local ring with a canonical module. Assume 
that there exists a nonfree R-module M such that M* = . Then is R Gorenstein? 

We are able to give an affirmative answer to Question l5.6l in case the module considered 
is totally reflexive; we believe such a result is also interesting on its own. However we do 
not know more about the existence of such modules in general. 

Proposition 5.7. Let R be a Cohen- Macaulay local ring with a canonical module u. If 
there exists a totally reflexive R-module M ^ such that M* = M^, then R is Gorenstein. 

Proof. We have isomorphisms 

M ®^ w = M ®^ RHomR(i?, u) = RHomR(RHom^(M, R),u) 

= RHomR(M*,w) = M*t ^ MTt ^ M. 

Here, the second and third isomorphisms are obtained by [151 (A. 4. 24)] and the total 
refiexivity of M, respectively. The fourth isomorphism follows from the fact that M* is 
maximal Cohen-Macaulay since it is totally reflexive. These isomorphisms especially says 
Tor^Q(M, cj) = 0, and hence we have an isomorphism 

M (S)ru = M. 

Comparing the minimal numbers of generators of both sides, we see that co is cyclic, that 
is, uj = R. Hence R is Gorenstein. □ 

Next we discuss a question of Huneke and Wiegand [23] advertised in the introduction: 

Question 5.8 (Huneke- Wiegand) . Is there a nonfree and torsionfree R-module M over 
a one- dimensional Gorenstein domain R such that M ®r M* is torsionfree? 

We refer the interested reader to [231 page 473] for the motivation of Question 15.81 
Inspired by such a question (see also Theorem 15. 5p we define the following condition for 
commutative Noetherian local rings R: 

(HWC) For every torsionfree i?- module M, if M ®ij M* is refiexive, then M 
is free. 

A result of Huneke and Wiegand [231 (3-7)] shows that all one-dimensional hypersurface 
local domains satisfy (HWC). (We do not know whether the same result holds for all 
complete intersection local domains, cf. [II].) Examples of local rings (with positive 
dimension) that do not satisfy (HWC) are abundant; for example, if R = k[[X, Y]]/{XY), 
then M = M M* is refiexive for the nonfree module M = R/(X). Notice that the 
ring R here is not an integral domain. Furthermore the refiexivity of M (8>r M* is not a 
very strong assumption for the condition (HWC) to hold over local rings: 
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Proposition 5.9. [12:, (3.12)] Given an odd integer d > 3, there exist a d- dimensional 
local hypersurface R with an isolated singularity (hence R is an integral domain) and a 
nonfree maximal Cohen-Macaulay R-module M such that M (8>/j M* is torsionfree. 

The following result displays the relation between the condition (HWC) and the 
Auslander-Reiten conjecture for Gorenstein domains (cf. [121 (3-3), (3.4) and (3.14)]): 

Proposition 5.10. Consider the following statements. 

(1) All Gorenstein local domains satisfy (HWC). 

(2) All one- dimensional Gorenstein local domains satisfy (HWC). 

(3) All Gorenstein local domains satisfy (ARC). 
Then the implications (1) <^==^ (2) =^ (3) hold. 

We do not know whether (3) implies (2) or not. Moreover, in view of Proposition 15.101 
it seems reasonable to conjecture the following. 

Conjecture 5.11. All one- dimensional local domains satisfy (HWC). 

Let i? be a local ring, and let X{R) denote the category of torsionfree i?- modules M 
such that M M* is reflexive. If i? is a complete intersection domain and M is an R- 
module in X{R) having bounded Betti numbers, then M is free [HI (4. 17) (2)]. We finish 
this section by recording one more class that satisfy (HWC). This also yields another 
application of Theorem 13.11 discussed above. 

Proposition 5.12. Assume R is a reduced ring such that R = S/{x) where (5*, n) is a 
two-dimensional complete Gorenstein normal local ring and ^ x E n. If M E X{R) and 
Torf (M, M*) = 0, then M is free. 

We need two lemmas for the proof of Proposition 15.121 The first one follows from a 
theorem of Huneke and Jorgensen [20l 5.9]: 

Lemma 5.13. Let R be a d-dimensional Gorenstein local ring, and let M,N be max- 
imal Gohen-Macaulay R-modules. Assume that ExV^{N,M) has finite length for all 
i = 1, . . . ,d. Then M* is maximal Gohen-Macaulay if and only if Ext^(A^, M) = 

for all i = 1, . . . ,d. 

Lemma 5.14. Let R be a d-dimensional Gorenstein local ring, and let M be a maximal 
Gohen-Macaulay R-module. Let n be a nonnegative integer, and assume that M is locally 
free on Ur. //Tor^(M,M*) = 0, then Ext^+'^(M,M) = 0. 

Proof. Without loss of generality we may assume that R is complete. We will use the 
following spectral sequence: 

= Ext^(Torf (M, M*),R) =^ = Ext^+'^(M, M). 

Note that E2''' = if p > c? since R has injective dimension d. Furthermore, for q > 0, 
Tor^(M, M*) has finite length. Therefore E2''' = if g > and p ^ d. Now the required 
result follows: 

Ext^+'^(M, M) = = = Ext^(Torf (M, M*), R) = Tor^(M, M*y = 0, 

where the second isomorphism follows from the local duality theorem. □ 
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Proof of Proposition \5.1^ Since R is an isolated singularity, M is locally free on Un. 
By Lemma I5.14[ the vanishing of Torf (M,M*) forces the vanishing of Ext^(M, M). 
Therefore [5l (1.7)] shows that M lifts to S, that is, there exists a finitely generated 
5*- module such that x is TV-regular and that N/xN = M. Furthermore, applying [25| 
Lemma 2(ii), page 140], we see that Extl{N,M) = Ext)j(M, M). 

By assumption, M ®_r M* is reflexive. As R is 1-dimensional, M M* is maximal 
Cohen-Macaulay over R. Lemma EH implies Ext^(M, M) = 0, and hence Ext5(iV, M) = 
0. Note also that the S'-module is maximal Cohen-Macaulay. Since 5* is an isolated 
singularity, A^ is locally free on Us- From the short exact sequence ^ N ^ N 
M — >■ we obtain the surjection Ext5(A^, A^) Ext5(A^, A^). Nakayama's lemma shows 
Ext5(A^, A^) = 0. By Theorem 13. II the S'-module A^ is free, and so is the i?- module M. □ 

An example we discussed before shows that the vanishing of Torf (M, M*) in Proposi- 
tionEHis necessary: for R = k[[X, Y]]/{XY) and M = R/{X), setting S = k[X, Y], we 
have that R = S/{XY), M G X{R), Torf (M, M*) = k ^ and M is nonfree. 
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